Heat Transfer for Turbulent Flow in
Rectangular Ducts with Two Heated
and Two Unheated Walls
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Many heat exchanger applications require cooling pas-
sages with noncircular cross sections. Up to the present
time the majority of the experimental and theoretical
work on internal turbulent flow and heat transfer has been
confined to the circular tube. The circular configuration,
besides its technical importance, also lends itself to analy-
sis, and thus it has been extensively investigated.

It has been shown that for certain noncircular geome-
tries the turbulent pressure drop can be predicted from
circular-tube relations when the tube diameter is replaced
by the hydraulic diameter of the noncircular cross sec-
tion. Experimental studies (I) have revealed that the
pressure drop in rectangular ducts with aspect ratios
ranging from 1:1 to 10:1 can be predicted in this manner
to within 5%. It should be pointed out that this does not
hold for all geometries; for example experimental studies
(2, 3) have shown that the hydraulic-diameter rule can
be in error by as much as 20% in small opening-angle tri-
angular ducts. The hydraulic-diameter rule overestimates
the pressure drop, with the deviation being inversely pro-
portional to the opening angle. For laminar flows the
pressure drop is even more sensitive to the shape of the
duct cross section, and the hydraulic diameter does not
correlate results for circular and noncircular shapes.

The heat transfer characteristics of noncircular geome-
tries have been investigated to a lesser extent than the
flow. An experimental investigation (2) of turbulent heat
transfer in an electrically heated triangular duct with an
opening angle of 11.46 deg. has demonstrated that the
hydraulic-diameter rule overestimates the average heat
transfer coefficient by as much as a factor of 2. Another
important limitation of the hydraulic-diameter concept is
that local heat transfer conditions cannot be deter-
mined, especially the circumferential variations of wall
temperature or wall heat flux. This is a serious limitation,
since in certain geometries local temperatures can be con-
siderably higher than those predicted by average results,
for instance as in (2). Local hot spots such as these can
impose serious practical metallurgical and structural limi-
tations. Reference 2 points out an additional interesting
aspect of noncircular duct heat transfer, namely that
under certain heating conditions the thermal entrance
length may greatly exceed that for the circular tube.

Most of the experimental investigations of heat transfer
in rectangular ducts fall in the category of boiling burnout
tests; however there are a number of papers that report
heat transfer results for single-phase flow (4 through 14).
In some of these investigations the thermal boundary con-

TasLE 1. DiMeNsiONs oF Ducts
(all length dimensions in inches)

Nominal Length Length
aspect Width a Height of unbeated of heated
ratio (2=0.005) (+0.005) Dn section section
1:1 0.980 0.980 0.980 47 206
5:1 3.000 0.604 1.00 48 140
10:1 4.000 0.400 0.727 48 132
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ditions were not well defined, and in many cases insuffi-
cient instrumentation was employed to obtain detailed
information. Thus it appeared worthwhile to systematic-
ally and carefully investigate the heat transfer character-
istics of rectangular ducts of different aspect ratios with
the particular aim of determining whether the heat trans-
fer is greatly affected by the thermal boundary conditions.

This report presents fully developed heat transfer re-
sults for turbulent flow of air in rectangular ducts with
aspect ratios of 1:1, 5:1, and 10:1. The heating condition
is such that the two longer walls of the rectangle are uni-
formly heated, while the two shorter walls are unheated.
These boundary conditions correspond closely to those
found in nuclear reactor applications.

EXPERIMENTAL APPARATUS

Three rectangular ducts of aspect ratios 1:1, 5:1, and 10:1
were used in the present investigation. All ducts were of the
same construction and materials, differing only in dimensions
of the cross section and in length, Figure 1 shows the con-
struction details, and Table 1 gives the dimensions of each
duct.

An unheated starting length was used to obtain hydrody-
namically fully developed flow at the entrance to the heated
portion of the duct. Uniform heat generation in the top and
bottom walls of the test section was achieved by passing an
electric current longitudinally through the duct walls, which
were constructed from 0.025 in. thick stainless steel plates. To
approach as closely as possible the condition of adiabatic side
walls the latter were made of a fabricated board which had a
thermal conductivity of 0.15 B.t.u./hr.-ft.-°F. With a view to-
wards preventing leakage of air into or out of the duct the
stainless steel walls were backed with a Y4-in. reinforcing layer
of an epoxy resin.

After leaving the heated section the air passed through an
insulated mixing chamber where the exit buli temperature was
measured. The mass flow rate of the air was measured down-
stream of a flow straightener which was placed between the
mixing chamber and the flow measuring device.

The entire duct was mounted in the center of a box of cross-
sectional dimensions 18 by 18 in. which extended the entire
length of the duct. The box was filled with insulation which
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@ 3/16 INCH THICK FORMICA

@ 0025 INCH THICK STAINLESS
STEEL COVERED ON OUTSIDE
WITH 174 INCH RESIWELD NO. 2

@ COPPER BUSS BARS
® SPACERS PLACED 4 INCHES
APART

Fig. 1. Schematic of rectangular duct.
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has an effective thermal conductivity of approximately 0.0142
B.tu./br.ft.-°F, at a temperature of 150°F.,

A detailed description of materials and procedures used in
fabricating the ducts is available (15).

MEASUREMENTS AND DATA REDUCTION

The essential quantities which were measured in this
investigation included the entering and exit air tempera-
tures, wall temperatures, air flow rate, static pressure, and
the electrical power input to the duct. The following para-
graphs discuss the accuracy of these measurements and
how they are used to determine Nusselt numbers for the
rectangular ducts,

All thermocouples used in the investigation were taken
from calibrated rolls of 36 gauge iron-constantan thermo-
couple wire. The thermocouple outputs were read with
a self-balancing potentiometer which had a calibrated ac-
coracy of = 2 pv. The temperatures of the heated duct
walls were measured by thermocouples attached with cop-
per oxide to the outer surfaces of both of the stainless
steel plates. The temperature drop across the thickness of
the steel wall was found by computation to be negligible.
The wall thermocouples, which ranged in number from
165 to 257 depending on the duct size, were distributed
across the span of the heated plates at various longitudinal
positions.

The temperature of the air entering the duct was meas-
ured by three thermocouples placed in the air stream at
the inlet to the unheated starting section. The bulk air
temperature at the exit of the test section was measured in
a well insulated mixing chamber which caused several
reversals in flow direction by means of baffles. The bulk
temperature measurement was made by a seven-junction
averaging thermocouple situated at the exit of the cham-
ber. Several additional thermocouples were located at
various positions in the mixing chamber to check for tem-
perature uniformity within the chamber. The absence of
significant temperature variations indicated a negligible
heat loss.

A flat-plate orifice was used for the measurement of the
lower air flow rates and a Venturi for the higher rates.
Both of these instruments were fabricated in accordance
with the American Society of Mechanical Engineers Power
Test Code specifications and were additionally checked
against a calibrated flow nozzle. The scatter in the cali-
bration data suggested an uncertainty in the mass flow
measurement of approximately 1%.

The power dissipation in the duct was determined by
measuring the total current through the two stainless steel
walls and the voltage drop across the duct. Current meas-
urements were made with an ammeter in conjunction with
a current transformer, the combined accuracy being % %
of full scale. The voltage drop was measured with a volt-
meter with an accuracy of %% of full scale. To check the
power factor the power input was additionally determined
by a wattmeter with an accuracy of %% of full scale.

A further discussion of measurement techniques and
instrumentation is available in reference 15.

The following equation was used to calculate the rate
of heat transfer Q from the stainless steel walls to the air
fowing through a unit length of duct:

dTy ‘
Fra (Qs — Qo) ¢y

The rate of heat transferred to the air in the duct from
both the heated and the unheated walls is given by the
first term on the right side of Equation (1). The quantity
(Qs — Qo) represents the heat transfer from the unheated
sidewalls to the air. The increase of the bulk temperature
per unit length, dT»/dz, was obtained under the assurrg-
tion that the bulk temperature varies linearly between the

Q=me
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measured temperatures at the entrance and exit cross sec-
tions.

The term Qs denotes the heat which flows by conduc-
tion from the heated duct walls into the unheated side
walls per unit length. This quantity was obtained from a
plot of the wall temperature distribution across the span
of the stainless steel walls. The span-by-span temperature
gradient at the point of contact between the steel walls
and the side walls was determined from this diagram.
With this gradient and with the measured thermal con-
ductivity of the stainless steel the heat flux leaving the
wall was calculated from Fourier’s heat conduction equa-
tion, The contribution of Qs to the heat flux Q was largest
at low mass flow rates. At its very maximum it amounted
to 22% of the heat generation for the 1:1 aspect ratio
duct at low Reynolds numbers. In the other ducts Qs
never exceeded 10% of the electrical power. The span-
by-span heat conduction through the Resiweld backing
could not be determined from the experiments. It was
computed that the span-by-span conductance of the back-
ing was on the order of one tenth of that of the stainless
steel, and on this basis the contribution of the backing was
neglected. The contact resistance at the point of attach-
ment to the sidewalls could not be estimated.

Of the heat Qs conducted from the heated walls to the
unheated side walls a portion Q. passes through the sur-
rounding insulation to the room. The remainder (Qs —
Qo) is transferred to the air flowing in the duct. The heat
loss Qo from the unheated side walls was determined by
prorating the overall heat loss in accordance with the in-
ternal surface area of the duct. The overall heat loss was
computed as the difference between the electric power
dissipated in the two heated walls and the enthalpy rise
of the air flowing through the duct. The quantity Qo was
always less than 1.5% of the power input, except for the
1:1 duct; in the Jatter Qo was 6%. The overall heat loss
ranged from 1 to 12% of the power input.

The next quantity needed for the computation of the
span-by-span average heat transfer coefficient is the wall-
to-bulk temperature difference (Tw — Tb) averaged across
the heated walls. First the length of duct beyond which
fully developed thermal conditions prevailed was deter-
mined; plots were made of the longitudinal temperature
distribution along both heated walls. On these plots a
straight line was drawn connecting the entering and exit
bulk temperatures of the air. The fully developed regime
is assumed to be achieved when the slopes of the wall
and bulk temperature curves become equal. Next, with
data at a number of cross sections in the fully developed
region utilized, a plot was made of the span-by-span dis-
tribution of the wall-to-bulk temperature difference. This
plot was then used to determine the average difference be-
tween the wall and the bulk temperature.

The heat transfer coefficient h for fully developed con-
ditions is then defined by

Q = h(2a) (Tw— Ts) (2)

where Q is the heat flux per unit duct length and a is the
width (that is span-by-span dimension) of the heated
wall. The Nusselt number is formed by using the wetted
hydraulic diameter Dr as the characteristic dimension in
accordance with

"k Ds
k

l\JNu=

(3)

The thermal conductivity k was evaluated at the average
bulk temperature of the air between the inlet and the exit
of the duct. It should be emphasized that the entire wet-
ted perimeter is utilized in computing Dhs.

The span-by-span variation of the heat transfer in the
thermally fully developed regime was also calculated. For
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Fig. 2. Representative axial distribution of
center-span temperature along heated walls.

the purposes of the calculation the duct wall was sub-
divided along its span into %-in. segments, and an energy
balance was applied to each segment. The net heat loss
by span-by-span conduction was determined for each seg-
ment from the span-by-span distribution of the wall tem-
perature. There is no net loss by longitudinal conduction
for fully developed conditions. Since the span-by-span
variation in temperature was small compared with the
difference between the wall and room-ambient tempera-
tures, the heat loss to the surroundings was prorated uni-
formly across the duct width. The heat transferred from
each segment to the flowing air was then calculated by
subtracting the loss to the surroundings and the heat loss
by span-by-span conduction from the local® heat genera-
tion. The local heat transfer coefficient was then com-
puted as the ratio of the local heat flux to the air to the
local wall-to-bulk temperature difference. The aforemen-
tioned span-by-span heat transfer calculations were car-
ried out for the 5:1 and 10:1 ducts. The relatively narrow
width of the 1:1 duct made such a determination imprac-
tical.

EXPERIMENTAL RESULTS AND CONCLUSIONS

Heat transfer measurements were made in each of the
three ducts for a wide range of air flow rates. A summary
of the experimental data is given in reference 15. The
Reynolds number range of the runs was approximately
10,000 to 140,000 except the 10:1 duct. Owing to an over-
heating accident which destroyed the 10:1 duct beyond
repair, the investigated Reynolds number range is smaller
(< 70,000) for this duct than for the remaining two
ducts. The lower end of the Reynolds number range lies
above the limit at which free convection effects are notice-
able, while the upper end of the range lies below the limit
of significant compressibility effects. Because of space
limitations local results will be given in detail only for
one representative run for each aspect ratio. The local re-
sults for other Reynolds numbers do not differ greatly
from those presented.

The longitudinal distribution of the temperature meas-
ured at the center line of each heated wall is presented in
Figure 2 for the 1:1, 5:1, and 10:1 ducts. Also shown on
this figure is a dashed line representing the slope of the
bulk temperature rise. The Reynolds number which char-
acterizes each temperature distribution is based on aver-
age bulk properties. The fully developed heat transfer

# The heat generation rate for the 10:1 duct varied in span-by-span

direction by 5% owing to a corresponding linear variation in wall
thickness.
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Fig. 3. Representative span-by-span tempera-
ture distribution across heated walls, 5:1 duct.

condition for longitudinally uniform heat flux is assumed
to be attained when the wall temperature curve becomes
linear and paralle] to the corresponding bulk temperature
curve. It can be seen from the figures that this condition
is actually achieved. This finding applies no matter

whether one chooses the center line or any other span-by-

span location for the wall-temperature plot. Thus there
appears to be no clear influence of the side walls on the
thermal development. The thermal entrance length ap-
pears to be less than 30 hydraulic diameters for all aspect
ratios and Reynolds numbers of this investigation. Because
of the asymptotic nature of the thermal development and
of the scatter of the data it was not possible to assign a
more precise value to the entrance length.

Representative span-by-span temperature profiles for
the 5:1 and 10:1 aspect ratio ducts are shown in Figures
3 and 4, respectively. Corresponding data for the 1:1 duct
are omitted for reasons already discussed. The ordinate of
the figures is the difference between the local wall tem-
perature and the bulk temperature. The plotted points in-
clude data for a number of axial positions in the fully de-
veloped region. The curve which was passed through the
data appeared to be the best fit. It is seen from Figure 4
that there are definite hot spots near the corners of the
10:1 duct; however no corresponding hot spots are evi-
dent for the 5:1 duct, Figure 3. One would expect that if
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Fig. 4. Representative span-by-span tempera-
ture distribution across heated walls, 10:1 duct.
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(6 13 results of the circular-tube analysis at a Reynolds number

| o-h_| of 105 and are approximately 10% higher at a Reynolds

= { Nre-23510 o -4/d number of 10%. The experimentally determined Nusselt
oL l4— —t2 numbers are, apart from some scatter, bracketed by the
L 4 a results of the two analyses. The experimental results for
2 T q the square duct appear to lie slightly higher than the re-
S c00c0eo, TN sults for the ducts with rectangular cross section. Addi-
- - tionally Figure 6 indicates that the empirically based Col-
burn correlation of circular-tube data, which is frequently

s o 5 0 5 o 1a° used for engineering calculations, lies somewhat higher
ST T e T T than the experimental data, especially at the higher Rey-
SPANWISE DISTANCE FROM CENTERLINE, inches nolds numbers. It is worthwhile noting that the greatest

uncertainty in both theory and experiment occurs at the
lowest Reynolds numbers. It may be observed that ap-

14— T T T T 1 1.2 parent good correlation among the present data is
| e et ., | achieved with a hydraulic diameter based on the entire
N . *. wetted perimeter (Figure 6).
° 12 — i,
T e 4 & ACKNOWLEDGMENT
N ° o oo o © q
30k ¢ ° o, 0 The authors wish to acknowledge the contributions of Dr.
© *=h . ‘ J. P. Hartnett who initiated this study and of S. H. Lin, L. E.
< FNrest6,700 o - a/3 — Anderson, J. R. Lloyd, and Krishnamachar Sreenivasan who
gl 1 1 1 0 [ 1 assisted in its execution. The fabrication of the rectangular
20 1.0 0 1.0 2000 ducts was carried out by C. R. Retz. The support of the U.S.
2 Atomic Energy Commission under Contract No. AT (11-1)-659
SPANWISE DISTANCE FROM CENTERLINE, inches is gratefully acknowledged.

Fig. 5. Representative span-by-span distribu-
tion of local heat flux and local heat transfer NOTATION
coefficient across heated walls. (Top) a. 5:1

. . = cross-sectional area of duct
aspect ratio. (Bottom) b. 10:1 aspect ratio. ¢

width of heated wall

specific heat at constant pressure

entire wetted hydraulic diameter, 4S/L

local heat transfer coefficient

average heat transfer coeflicients, Equations (2)
and (4)

thermal conductivity

wetted perimeter of duct

I

the side walls were truly adiabatic, hot spots would exist
in the corners of both ducts since the local heat transfer
coefficient will be smaller near the corners. The fact that
the temperature difference (Tw ~— Tb) decreases near the
corners is due to the conduction of heat into the side
walls. This conduction is sufficient to suppress the hot
spots in the 5:1 duct. The asymmetry of the temperature
profile for the 10:1 duct is caused by a slight linear varia-
tion in wall thickness (about 5% across the section)
which induces a somewhat nonuniform internal heat gen- Prandtl number, pep/k

eration. As has' already been noted, account of this is heat transfer rate per unit length from heated

taken in the computation of the local heat transfer co- wall to air )
efﬁcienlt. P Qo heat loss per unit length from unheated side walls

I

1

I

mass rate of air flow .
average Nusselt number, k Dn/k

il

QZZI o m]vgga vy
Tz s

i

The span-by-span distribution of the local heat flux Qs heat conducted per unit length from heated walls
from the heated walls to the air is shown in Figure 5 for _ to unheated side walls
the 5:1 and 10:1 ducts. The data exhibit some scatter; q = peripherally averaged heat flux rate
however it is seen from the figures that the uniform heat Nre = average bulk Reynolds number, w Du/»
flux condition is approximated except near the edges T = temperature
where conduction to the side walls reduces the local heat
flux. Additionally the span-by-span distribution of the 400
local fully developed heat transfer coefficient is plotted l rTTTT '
in Figure 5. These results represent the ratio of the local 300 7
heat flux, also shown in Figure 5, to the corresponding 1,49/
local temperature difference given in Figures 3 and 4. 200 / }ng
These distributions of » are somewhat influenced by the - nc/f/ -
span-by-span conduction into the side walls. 5
The span-by-span averaged fully developed Nusselt 1001 V7 .
numbers for the three aspect-ratio ducts are shown in &L °r ]
Figure 6 as a function of the average bulk Reynolds num- x-=| 60 i
ber. The characteristic dimension in both the Nusselt 'é_" - 4 -
number and the Reynolds number is the hydraulic diam- Z 40 T
eter (see Table 1) based on the entire wetted perimeter. 30 st
The present results are compared with the circular-tube e e o
empirical correlation of Colburn (16) as well as with the 20 — — — REFERENCE (8)
analytical results of Siegel and Sparrow (18) for the cir- B T Fon PRALLEL PLaTE BT
cular tube and Sparrow and Lin (17) for the parallel-
plate channel. Both analytical studies were carried out ol I W -
for the case of uniform wall heat flux. 0 2 3N am 2 2
The analysis for the parallel-plate channel yields Nus- Re==~
selt numbers which are approximately 5% larger than the Fig. 6. Fully developed Nusselt number results.
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Tw = wall temperature
Tv» = bulk temperature
w = mean velocity

z = axial coordinate

I = absolute viscosity
v = kinematic viscosity
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APPENDIX

Heat Transfer Analysis for Peripherally-Uniform Wall
Temperature

Deissler and Taylor (19) have proposed a method for cal-
culating the velocity and temperature fields, along with the
pressure drop and heat transfer, for turbulent flow through
noncircular geometries. The calculations, which are iterative,
are based on the assumption that the universal velocity and
temperature profiles for circular tubes are valid along perpen-
diculars to the wall. Following the original work by Deissler
and Taylor for square and equilateral triangular ducts the
method has been extended to other geometries. References 2
and 3 present pressure drop and heat transfer results for isos-
celes triangular ducts, and reference 1 reports the pressure
drop in rectangular ducts of various aspect ratios. Fully devel-
oped heat transfer results for various aspect ratio rectangular
ducts with the boundary condition of uniform axial heat flux
and uniform peripheral wall temperature will be given here.
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This peripheral boundary condition differs from that of the
foregoing experiments, and hence the analytical results are in-
tended to supplement the measurements.

The velocity distribution which is needed as input to the
heat transfer analysis has already been computed by the Deiss-
ler-Taylor method in (1), To facilitate the heat transfer analy-
sis it is assumed that the temperature field in any cross section
is similar to the velocity field. It follows that the isotherms are
coincident with the velocity contours; correspondingly the tem-
perature gradient lines (the gradient lines are normal to the
isotherms) are coincident with the velocity gradient lines which
have already been determined in (1). This assumption greatly
simplifies the calculation inasmuch as it eliminates the itera-
tion process which is normally involved in the Deissler-Taylor
method and is supported by the fact that the Prandtl number
for air is nearly 1.

Only a brief outline of the heat transfer analysis can be
given here owing to space limitations; a detailed description
can be found in (15). In essence the analysis is carried out
by subdividing the duct cross section into a number of control
volumes each bounded by two temperature gradient lines (that
is adiabatics) and a segment of the wall. The universal tem-
perature profile T+ vs. y* (see for instance references 15, 20,
or 21) is assumed to apply along a perpendicular constructed
at the midpoint of each wall segment. With the aid of the
relationship between y* and the physical distance which is
available from reference I one can construct the T+ distribu-
tion throughout the entire cross section.

Next a cross-sectional, average heat transfer coefficient and
Nusselt number may be defined as

Nnu = hDr/K, h = q/(Tw— Tb) (4)

The wall-to-bulk temperature difference may be represented
as an integral of the velocity and temperature profiles over the

cross section. In addition the peripherally averaged heat flux g
can be related to the local heat flux passing from each wall
segment into the air. From these operations it follows that the
Nusselt number is calculable by integrating over the cross sec-
tion a quantity involving the universal temperature and velocity
profiles along with geometrical parameters which are related to
the control volumes.

The average fully developed Nusselt numbers which were
calculated in this manner are presented in Figure 7 for aspect
ratios ranging from 1:1 to o0:1. The results show a definite
effect of the aspect ratio in that the Nusselt number increases
monotonically as the aspect ratio increases. This trend is there-
fore the same as the one which was found experimentally for
the 5:1 and 10:1 ducts in the lower range of Reynolds num-
bers, see Figure 6. However the 1:1 aspect ratio data do not
fit into this pattern. In appraising these findings it should be
noted that the peripheral boundary conditions of experiment
and analysis are not the same. In addition the data for the 1:1
aspect ratio duct are prone to greater uncertainty owing to
the larger side-by-side conduction. Finally the analysis as-
sumes that the turbulent diffusivity is isotropic; experiments in
a triangular duct (2) suggest that such is not actually the case.

800 T TTT

600

B ———-—REF {16} -

200,

20 1 it
0* 2 4 ¢ 8 10° 2 4

Fig. 7. Fully developed Nusselt numbers pre-
dicted from Deissler-Taylor calculation method.
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